Abstract. An analysis is made of self-mode-locking of cw solid-state lasers performed by a modulator based on an antiresonance ring containing a bulk element with self-phase -modulation. Such a modulation is capable of effectively discriminating fluctuations of radiation and has a high initial transmission. The characteristics of a self-consistent ultrashort pulse, obtained from an approximate analytic solution of the problem of cw lasing, are investigated as a function of the modulator parameters. The parameters of a system for which an analytic solution matches the regions of effective self-mode-locking are found by numerical modelling of formation of stable ultrashort pulse trains from the noise radiation in an active medium subjected to continuous pumping.
Introduction
Instantaneous nonresonant nonlinearities in intracavity components are currently used extensively in the locking of modes in cw wide-band solid-state lasers and in generation of subpicosecond pulses. These nonlinearities include above all the Kerr effect resulting in self-phase-modulation of the field. Laser systems with an additional resonator are usually employed to ensure that the self-phase-modulation effect discriminates fluctuation peaks of the lasing field facilitating generation of ultrashort pulses. The dependence of the reflection from the additional resonator on the radiation intensity results from interference of a pulse from the main resonator with a pulse from the additional resonator that has acquired a nonlinear phase shift because of self-phasemodulation [1] [2] [3] [4] [5] [6] [7] [8] [9] . A modulator with an additional resonator has such advantages as an instantaneous reaction on the scale of typical durations of output pulses, a weak frequency sensitivity throughout the gain band of wide-band solidstate active media, and absence of saturation of the nonlinear properties of the modulator on increase in the intensity within a wide range. However, lasers with an additional resonator also suffer from an important disadvantage related to the need for interferometric matching of the resonator lengths, which has to be maintained throughout the lasing time.
The laser systems in which an antiresonance ring with an intracavity element characterised by a nonresonant nonlinearity is employed are free of this disadvantage [10, 11] . In systems of this kind the field obtained from the active medium is split into two beams which travel in opposite directions along the ring and interact differently with the nonlinear medium and thus acquire different phase shifts. The interference between these beams at a beam splitter makes the intensity of the field returning to the active medium dependent on the intensity of the initial field. Therefore, an antiresonance ring coupled to a laser resonator is an analogue of a nonlinear mirror with a reflection coefficient dependent on the intensity of the incident field. The system is then singly resonant and does not require control of the resonator length so that it has all the advantages of the lasers in which mode locking is performed by an additional nonlinear resonator.
The chief problem in the development of laser systems with an antiresonance ring is the need to ensure nonreciprocity of the nonlinear properties of the ring. Unbalance of the coupling between the antiresonance ring and the main part of the resonator, which ensures that the intensities of the fields propagating in opposite directions are different, does not establish the difference between the nonlinear phase shifts necessary for mode locking, so that an optical fibre has to be used as a nonlinear component [10] . Introduction of nonreciprocal losses (such as, for example, efficient conversion of one of the fields to the second harmonic [11] ) into an antiresonance ring with the aim of increasing the contrast of the intensities of the fields propagating in opposite directions and thus ensuring a difference between their nonlinear phase shifts reduces the transmission of the ring and increases the self-mode-locking threshold [10, 11] .
It would therefore be desirable to develop a laser system free of these shortcomings and to analyse the possibility of effective self-mode-locking in such a system. We propose here a laser with an antiresonance ring containing a bulk nonlinear component performing phase self-modulation. The system is characterised by a high initial transmission and by effective discrimination properties. An analysis of the steady-state properties of a modulator based on such an antiresonance ring is reported and a study is made of the dynamics of mode self-locking in a cw solid-state laser containing such a modulator.
Steady-state transmission of a modulator
The resonator shown schematically in Fig. 1 consists of a linear section comprising an active medium and a frequency filter, and of an antiresonance ring coupled to the linear section by a beam splitter whose reflection coefficient is R. The antiresonance ring is formed by two spherical mirrors 2 and 3 with focal lengths/i and/2. At a distance d from the mirror 2 there is a bulk nonlinear medium, which ensures phase self-modulation of the lasing field. Since the fields a\ and «2 propagate along the antiresonance ring, they have foci located at different positions relative to the nonlinear medium and, consequently, the nonlinear phase shifts acquired by these fields as a result of phase self-modulation are different. Curves labelled 4 in Fig. 2 represent the boundaries of the stability region of the fundamental Gaussian mode of an equivalent ring resonator plotted in the plane of two parameters ( = (CT TCS -d)j2 and fi, where r res = 5 ns is the resonator period; c is the velocity of light; d is the distance between the spherical mirrors. Curves 1-3 correspond to different ratios of the areas S of the beams ai and 02 in the nonlinear medium when this medium occupies different positions in the antiresonance ring. We can see that in the proposed system the value of S can be made sufficiently large by selecting mirrors with different focal lengths and moving the nonlinear medium. Interference between the fields a\ and 02 in the beam splitter means that the intensity of the field returning to the active medium is governed by the relative value of the nonlinear phase shift acquired in the nonlinear medium. The properties of the antiresonance ring are controlled by a nonreciprocal phase component that ensures a difference between the linear phase shifts <5 of the fields a\ and a-i.
The dependence of the transmission of this antiresonance ring modulator on the intensity of the field reaching it is described by
where D = R 2 (S + 1)-1 and p is a nonlinearity coefficient proportional to the nonlinear refractive index and to the length of the medium. In the case of traditional laser media and a sample of 1 cm length the normalised transmission coefficient p/o^^res varies from 0.0002 for quartz to 0.006 for LiNbC>3, where 1T32 is the stimulated emission cross section of the active medium (AI2O3: Ti 3 + ) and 7V CS = 5 ns. It is interesting to analyse the properties of such a modulator. Fig. 3 shows its initial transmission as a function of 5 and R. We can see that within the intervals -jt/2 < 5 < n/2 and 0.2 < R < 0.8 this modulator has a fairly high initial transmission, so that the laser system in question can have a low threshold. The discrimination properties of the modulator are particularly important; they are governed by the derivative of the transmission coefficient with respect to the intensity of the field in the small-signal case when U = onT re J (Fig. 4) . We can see that the derivative dT/QUis positive and maximal near R = 0.7-0.8 and 8 = -n/2. The fact that this derivative is positive shows that it should be possible to discriminate the fluctuation peaks and to form an ultrashort pulse in a region close to the parameters given above. It should be stressed that the difference between the phase shifts 5 = -TI/2 is typical also of systems with an additional resonator [12] .
As expected, the rise of S is accompanied by an increase in QT/dU for a small signal, which may increase the efficiency of mode locking and reduce its threshold. However, calculations indicate that at higher values of S the derivative dT/dU decreases considerably on increase in the intensity of the field reaching the modulator. This is analogous to the saturation of the traditional passive switches and it may reduce the mode locking efficiency. Such properties of the modulator demonstrate the existence of an optimal value of S when the mode locking efficiency should be maximal. 
Characteristics of a self-consistent output pulse
An analysis of the static properties of an antiresonance ring modulator does not allow us to estimate the optimal value of S and to treat exhaustively the problem of the self-modelocking threshold. All this makes it essential to analyse the dynamics of operation of a solid-state laser system containing such a modulator. Investigation of self-consistent solutions of equations describing transformation of the field by intracavity components [13, 14] is one of the approaches which makes it possible to analyse a real laser system and to estimate such a characteristic as a duration of ultrashort output pulses as a function of the laser parameters. Transformation of the time profile of the field Ain) as a result of crossing the active medium with an absorption cross section <7i4 and a frequency filter with a characteristic time t[, subject to allowance for the linear losses y, can be described as follows [15] :
where a(r]) is the gain; / p is the density of the pump photons; Y] is the local time linked to the pulse. In Eqn (3) we are ignoring relaxation of the excited state of the active medium, since in the majority of solid-state media this relaxation time exceeds considerably T res and in the self-consistent solution of the system (2)-(3) the factors responsible for the appearance of an ultrashort output pulse act in a time equal to the resonator period.
If we assume that the change in the field during a single passage through the system is small and if we allow for the interaction with the modulator, we can describe the transformation of the field between the k-th pass through the resonator and the (k + l)-th pass as follows:
The self-consistent solution of the system ( 
represents the gain ahead of the ultrashort pulse and the value of E -ff32j^ol^('7)l 2 d'7 is proportional to the energy density in the pulse, whereas U v = O]4T TCS I P is proportional to the pump energy density.
If we assume that the profile of the output pulse if; A(r\) = Aoexp( -r\ 2 jQ 2 ), then Eqns (3) and (4) can be reduced to a closed system of nonlinear algebraic equations relating the parameters of the laser system to Ao, 0, A, and ao. If 5 = -jt/2, r\ <? 0, pDI <? 1, then expansion of A{r\) as a series in r\ up to the third order inclusive yields the following system: We shall now consider our system in the case when U p or oto is an external parameter. Then, taking only Eqns (7)- (9), we find that the peak intensity and the pulse duration are given by the solutions Such a region is identified as 1 in Fig. 5 . Its lower boundary, related to the overall gain at the maximum of an ultrashort pulse, can be interpreted as corresponding to the self-mode-locking threshold. It is evident from Near the maximum of dT/dU this region is largest, i.e. the balance of the factors governing the formation and transformation of ultrashort pulses in our system occurs in a wide range of U p . Consequently, we may hope that the selfmode-locking efficiency governed by this balance will be highest for <5 = -n/2 and R = 0.7-0.8. As the pump intensity increases, the duration of ultrashort pulses decreases. The minimum duration at half-maximum estimated from Eqns (11) and (12) 
It is of interest to analyse also the influence of S on the self-mode-locking efficiency. Fig. 6a gives the solution of the system (7) - (10) . Since on addition of Eqn (10) the requirements in respect of the balance of the parameters of the system needed to generate a pulse with a given profile become more stringent, it follows that instead of a zone representing U p we obtain a single solution (A o , 9, U p ) . It is evident from Fig. 6a that an increase in the contrast S reduces not only the pulse duration at half-maximum but also the pumping rate, and this reduction continues up to S = 10 where a clear minimum is observed. It should be noted that for S < 8 there is no analytic solution. A further increase in S leads to a steep rise of 0 and U p . This may be due to the fact that in the case of high values of S the modulator is readily saturated, which increases the overall gain in the wings of an ultrashort pulse compared with its peak. The result is a considerable distortion of the pulse profile, because initially 6 and the pulse energy increase and, consequently, higher values of U p are needed to reproduce the pulse and the approximate Gaussian solution completely fails to describe the process of self-reproduction. An analysis of Fig. 6a demonstrates that there are optimal values S = 8 -20 when our system is capable of generating ultrashort pulses with the best profile, demonstrating directly a high self-mode-locking efficiency.
Numerical modelling of generation of a stable train of ultrashort pulses
The approach involving the search for steady-state solutions of the system (3)-(4) has a number of advantages associated with the possibility of an analytic treatment. However, the steady-state solution describes satisfactorily the results of mode locking only if the solution is stable. We shall therefore compare Eqns (3) and (4) with the results of an analysis of the dynamics of mode locking carried out on the basis of a fluctuation model.
We shall adopt a model described by us earlier [17] . assumption that 5 = -rc/2, R = 0.8, 5 = 8, and U p = 0.008, which corresponds to the analytic solution presented in Fig. 6a . Therefore, our analytic solution is close to the exact solution of the fluctuation problem We shall now compare the analytic solution with the regions of efficient mode locking predicted by the fluctuation model. We shall take the criterion of efficient mode locking to be given by the conditions in our earlier treatment [17] . Fig. 5 shows a region 2 for the solution based on the fluctuation model. We can see that the selfmode-locking thresholds are in this case close to the analytic threshold and the optimum of R also lies in the interval 0.7-0.8. However, the region 2 is much narrower than the analytic solution, since the unstable solutions corresponding to high values of U p have been removed. Fig. 6b shows a region 1 of efficient mode locking plotted as a function of the contrast S. We can see that at low values of S (for the selected nonlinearity p/o3 2 T TCS = 0.002 the minimum possible value is S -5) the analytic solutions of the system (7)-(10) (Fig. 6a) and of the system (7) -(9) (curve 4 in Fig. 6b represents the lower boundary of the region of existence of physically meaningful steady-state solutions) are close in terms of U p to the corresponding values at the lower boundary of the region predicted by the fluctuation model. The rise of S is accompanied by a reduction in the self-mode-locking threshold in accordance with the rise of dT/dU. However, because of its reduction on increase in the pulse intensity, which is true in high values of S, the region closes for the selected parameters of the system when 5= 120, so that the optimal value is S = 10-40.
At high values of S the analytic solutions agree less well with those deduced from the fluctuation model. This is due to distortion of the ultrashort pulse profile at high S and the associated deterioration of the self-mode-locking efficiency. This is illustrated by curves 2 and 3 in Fig. 6b which gives the dependence of the ultrashort pulse duration on S for fixed values of U p . As U p increases on transition from curve 2 to 3, the minimum values of to are found at lower S, because the intensity of the ultrashort pulse increases at the same time and the saturation of dT/dU begins to manifest itself earlier. Within the region in Fig. 6b there is a curve representing the optimal values of U p and S along which the ultrashort pulse duration is minimal. However, calculations indicate that on this curve the minimal values of to are observed for S < 10, so that in this zone of the region 1 the mode self-locking is most efficient, as it is in the cases of the max-imum efficiency of passive mode locking [16] and of the hard mode locking with synchronous pumping [ 18] when the parameters of ultrashort pulses are closest to those predicted analytically. We can therefore say that the analytic solution yields the parameters of the zone for which the factors that ensure the appearance of regular ultrashort pulses from an initially chaotic noise-generating system are closest to exact balance.
Conclusions
We shall summarise the results by saying that an instantaneous-response modulator based on an antiresonance ring is proposed; the ring contains a bulk nonlinear component (medium) which ensures phase selfmodulation of the laser radiation field. The modulator has all the advantages of modulators based on an additional resonator, but it differs from the latter by an extreme simplicity and the absence of an interferometric control of the resonator lengths, which is no longer needed. An analysis is made of the principal characteristics of such a modulator and the values of its parameters which ensure mode locking in the system.
Approximate eigenfunctions of the operator describing transformation of the field in the laser system and the exact solution of the fluctuation problem are used to predict ways of increasing the efficiency of mode locking in a cw laser with a modulator based on an antiresonance ring. A comparison of the analytic solution with that obtained from the fluctuation model demonstrates that inside the region of efficient mode locking there is a zone of maximum stability of generation of ultrashort pulses with minimum durations.
